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(Dated: October 22, 2018)
We present a comprehensive theoretical treatment of the effect of electron-phonon interactions
on molecular transistors, including both quantal and classical limits. We study both equilibrated
and out of equilibrium phonons. We present detailed results for conductance, noise and phonon
distribution in two regimes. One involves temperatures large as compared to the rate of electronic
transitions on and off the dot; in this limit our approach yields classical rate equations, which are
solved numerically for a wide range of parameters. The other regime is that of low temperatures
and weak electron-phonon coupling where a perturbative approximation in the Keldysh formulation
can be applied. The interplay between the phonon-induced renormalization of the density of states
on the quantum dot and the phonon-induced renormalization of the dot-lead coupling is found to
be important. Whether or not the phonons are able to equilibrate in a time rapid compared to the
transit time of an electron through the dot is found to affect the conductance. Observable signatures
of phonon equilibration are presented. We also discuss the nature of the low-T to high-T crossover.
I. INTRODUCTION
In recent years it has become possible to fabricate
devices in which the active element is a very small or-
ganic molecule1. Such a device may be thought of as a
’quantum dot’: a structure weakly coupled to the macro-
scopic charge reservoirs (’leads’) and small enough that
the discrete nature of the energy levels on the dot is
important. Quantum dots fabricated using conventional
semiconductor technology have been extensively studied
experimentally2 and theoretically3. However, the use of
small molecules may lead to new physics. In particular,
as electrons are added or removed from a small molecule,
both the shape of the molecule and its position relative
to the leads may be altered. The energies associated with
these changes are not small, and the time scales may be
comparable to those related to the flow of electrons into
and out of the molecule. Interesting recent data indicate
that these effects may lead to observable structures in
the conductance spectra of the dot4,5,6.
The shape change may be thought of as a cou-
pling of electrons on the molecule to phonon modes of
the molecule, while the position change corresponds to
phonon dependent tunneling matrix elements. The sub-
ject of electron-phonon coupling in quantum dots has
received much theoretical attention7,8,9,10,11,12,13,14,15,16.
In an early important work Glazman and Shekhter ob-
tained analytic expressions for the transmission probabil-
ity through the dot under conditions that the phonons are
always in equilibrium7 . Their results for the transmis-
sion go a long way towards describing the behavior of the
phonon-coupled system when one is far from resonance.
However their treatment neglects the phonon renormal-
ization of the dot-lead coupling, and thus gives rise to a
zero bias conductance at resonance that is smaller than
the value predicted by the Breit-Wigner formula (this
situation was not the main interest of7). (These issues
were also recently discussed by Flensberg15). The lack of
renormalization of the dot-lead coupling appears in the
treatment carried out by other authors as well8,9,10,14,
and in addition some authors assert (incorrectly, we be-
lieve) that phonon sidebands may be observed even in
the linear-response conductance9,10 by tuning the gate
voltage.
In this paper we revisit the problem of the phonon cou-
pled dot. We present a comprehensive formalism valid
both in the classical and quantal limits which resolves
the ambiguities in the present literature. We also use
this formalism to address new issues related to the be-
havior of this system under strongly non-equilibrium con-
ditions in the quantal and classical regime. We further
study the nature of the quantal-classical crossover and
the noise spectra. An important feature of our results in
the quantum regime is that the conductance peak height
at resonance is unchanged by electron-phonon interac-
tions.
A recent paper by McCarthy et al.11 treats the problem
of the phonon coupled dot in the high-T classical regime
and for phonons that couple to the leads. They present
results for the regime of “equilibrated” phonons strongly
coupled to a heat bath. The high-T regime of our work
is similar to that of reference11, but we also study the
physics of out of equilibrium phonons.
Aji et al.12 have studied the model under off-resonant
conditions when the conductance is very low and the cur-
rent is due to elastic/inelastic cotunneling. They study
the phonon sidebands in the case of equilibrated and un-
equilibrated phonons, for the case of an electron coupled
to a molecular vibrational mode (our model) and also
the case of a phonon dependent tunneling amplitude. In
our analysis, the exact treatment of the leads automati-
cally takes into account cotunneling processes, while the
perturbative approximation restricts our analysis to de-
tails of the first phonon sideband. We show how thermal
effects wash out cotunneling.
The paper is organized as follows. In Section II we
describe the model (sub-section A), the important model
parameters (sub-section B) and develop a density matrix
2formalism (sub-section C) that allows one to obtain the
probability distribution for various states on the dot un-
der out of equilibrium conditions. In Section-III we ap-
ply the high temperature approximation in the density
matrix formalism and derive the rate equations for the
dot occupation probabilities in the sequential tunneling
regime (sub-section A). We use these rate equations to
calculate average current (sub-section B) and the dc noise
power (sub-section C) as functions of gate and source-
drain voltage for two limiting cases: phonons equilibrated
to the external world independent of the electron occupa-
tion (phonon equilibration fast compared to dwell time
of electron on molecule), and phonons uncoupled from
the external world and responding only to on-dot elec-
trons (phonon equilibration slow compared to dwell time
of electron on dot). We find that in the case of phonons
uncoupled from a bath, under certain bias conditions the
phonon distribution can deviate far from equilibrium.
Section-IV deals with the low temperature quantal
regime of the phonon coupled dot where we use the
Keldysh Green’s function technique to calculate the dc-
current and phonon distribution function to leading or-
der in the ratio of (electron-phonon coupling)/(tunneling
rate to the leads) for the two cases of slow and fast
phonon equilibration rate. Section IV is split into sub-
section A that re-introduces the problem, sub-section B
that derives expressions for the exact eigenstates in the
absence of electron-phonon coupling. These eigenstates
form a convenient basis for carrying out the perturbative
Keldysh calculation which is outlined in sub-section C.
Sub-sections D and E present results for I-V for the two
cases of slow and fast phonon equilibration rates.
Finally Section V studies the crossover from low-T to
high-T regimes and section VI is a summary of our work
and its relation to already existing literature.
II. MODEL, PARAMETERS AND FORMALISM
A. Model
We consider the case of a molecule with a single level
of degeneracy dg coupled to two leads, which we label as
’left (L) ’ and ’right (R)’. We suppose that the electrons
are coupled to two different kinds of phonons; an internal
vibrational mode of the molecule of frequency ω0, which
couples to the local charge, and a phonon mode labeled
by a displacement operator zˆ, that accounts for the os-
cillations of the dot in an external confining potential
of parabolicity K. This phonon mode does not couple
directly to the charge on the dot, but results in an ex-
plicit zˆ dependence in the left and right tunneling matrix
amplitudes ti,k,α{zˆ}. The full Hamiltonian is therefore,
H = HD +Hleads +Ht (1)
with
HD = ǫnd +
U
2
nd (nd − 1) + λω0
(
b† + b
)
nd
+
p2z
2M
+
1
2
Kz2 + ω0b
†b (2)
Hleads =
∑
k,α=L,R
ǫka
†
α,kaα,k (3)
Ht =
∑
α=L,R,k,σ,i=1,dg
ti,k,α{zˆ}a†α,kdi,σ + h.c (4)
where σ labels the spin index. Fig. 1 shows the schematic
of the energies considered.
Here the number of electrons on the molecule, nd, is
given by
nd =
∑
i=1,dg,σ
d†i,σdi,σ, (5)
and the parameter U is the charging energy of the
molecule. We have defined the zero-phonon state of the
vibrational mode of the molecule to be the ground state
when nd = 0, and we neglected anharmonicity in the lat-
tice part of the Hamiltonian (such anharmonicity is of
course induced by the electron-phonon coupling and an
intrinsic anharmonicity could easily be added).
The dot-lead coupling ti,k,α means that [H,nd] 6= 0; in
the absence of electron-phonon and many-body physics
this implies an inverse lifetime for decay of an electron in
state i on the dot into a state of energy ǫ in lead α,
Γi,α(ǫ) = 2π
∑
k
|ti,k,α(zˆ = 0)|2δ(ǫ − ǫi,k) (6)
The density matrix ρ of the full Hamiltonian H obeys
the equation of motion
dρ(t)
dt
= −i[H, ρ(t)] (7)
The current I and the noise S through the lead α are
given by
〈Iα(t)〉 = Trρˆ(t)Iˆα (8)
Sα(t) = Trρˆ(t) (δI(t)δI(0) + δI(0)δI(t)) (9)
+ U
µL 
ε µR
ε
FIG. 1: Energy level diagram. µL,R represent the chemical
potential in the left and right leads respectively, while ǫ′ rep-
resents the ground state of the singly occupied dot and the
dashed lines indicate phonon excitations of the singly occu-
pied dot. The solid line indicates the energy ǫ′′ + U of the
doubly occupied dot.
3where δI(t) = I(t)−〈I〉 and the current operator through
the α lead is given by
Iˆα =
dNα
dt
= i[H,Nα] (10)
= i
∑
k,σ,i
(
ti,α(zˆ)a
†
α,k,σdi − h.c
)
Nα =
∑
k,σ a
†
k,σak,σ being the number operator for the
α lead.
B. Parameters and regimes
The behaviour of the models we consider is specified
by two important dimensionless parameters: the ratio of
the temperature T to a typical decay time Γ, and the
product of the dimensionaless coupling λ and the ratio
of the phonon frequency ω0 to Γ. For large values of
T/Γ a classical rate equation analysis may be employed
for all values of λω0/Γ; this is the subject of Section III.
For small values of T/Γ a quantal treatment is required.
Section IV reports results for low T, obtained using per-
turbative calculations valid for λω0/Γ ≤ 1, while Sec-
tion V treats the quantal-classical crossover, also in the
λω0/Γ ≤ 1 regime. The quantal strong coupling regime
(T/Γ < 1,λω0/Γ > 1) is a challenging problem left for
future reserach. The different regimes and the sections
treating them are shown in Fig. 2.
C. Formalism
The essential assumption in the theory of molecular
devices is that the leads are in equilibrium independent
of the state of the molecule. In order to implement this
assumption it is often convenient to define a projected
density matrix ρs
ρs = Trleads{ρ(t)} ⊗ ρleads (11)
λω
0
/Γ
T/Γ
Classical Regime
(Section III)
Perturbative Quantal 
Regime(Section IV)
Strong Coupling 
Quantal Regime 
(Not studied here)
Quantal-Classical
Crossover (Section V)
1
1
FIG. 2: Overview of different regimes studied.
where ρleads is the density matrix of the left and right
leads that are in thermal equilibrium at some specified
chemical potentials (µL and µR). The density matrix of
the dot (also known as the reduced density matrix) is
therefore given by
ρD = Trleadsρs (12)
and for our model corresponds to projecting the full den-
sity matrix to the smaller subspace of the degrees of free-
dom of the dot electrons and the two types of phonon
modes.
A complementary density matrix ρt may also be de-
fined such that
ρt = ρ− ρs (13)
from which it follows that
Trleadsρt = 0 (14)
It is desirable to obtain the reduced density matrix of the
dot ρD because its diagonal components relate directly to
the occupation probabilities of the various states of the
dot, and various expectation values (such as the current
and noise) may be expressed in terms of components of
ρD.
In what follows we outline a general scheme for ob-
taining the reduced density matrix17. The equation of
motion for the full density matrix, Eq. 7, implies
dρsI(t)
dt
=
(
Trleads
dρI(t)
dt
)
⊗ ρleads
= −i (Trleads[HtI(t), ρIt(t)])⊗ ρleads (15)
dρtI(t)
dt
=
d (ρI(t)− ρsI(t))
dt
= −i[HtI(t), ρsI(t) + ρtI(t)]
+ i (Trleads[HtI , ρtI(t)])⊗ ρleads (16)
We have used the interaction representation defined by
OˆI(t) = e
i(HD+Hleads)tOˆ(t)e−i(HD+Hleads)t.
In specifying the solution of Eqns. 15 and 16, we
require an initial condition. There are two common
choices:(i) at the initial time, ρˆ corresponds to an equi-
librium ensemble for H with µL = µR, (ii) at the initial
time (ti) the dot and leads are decoupled (Ht = 0) so that
ρ(ti) = ρD ⊗ ρleads with ρD and ρleads the equilibrium
density matrices corresponding to the uncoupled prob-
lem. We shall be interested in steady state, so we will
take the initial time ti = −∞. Further we shall be inter-
ested in cases in which the leads are not strongly affected
by the presence of the dot. In this case the boundary
condition (ii) is most convenient, but we note that if or-
thogonality effects or Luttinger liquid renormalizations
of tunneling amplitudes are important then this choice
may be less convenient.
Choosing boundary condition (ii), Equation 16 being
a linear equation in ρtI(t) may be formally solved as
ρtI(t) = −i
∫ ∞
−∞
dt′KI(t, t′)[HtI(t′), ρsI(t′)] (17)
4where KI(t, t
′) obeys the following operator equation,
dKI(t,t
′)•
dt + i[HtI ,KI(t, t
′)•]
−i (Trleads[HtI ,KI(t, t′)•])⊗ ρleads = δ(t− t′) (18)
where the symbol • denotes the operators acted on by
KI . The combination of the second and third terms on
the l.h.s. of Eq. 18 correspond to processes in which the
particle distribution in the leads differ from the equilib-
rium one. When substituted back in Eq. 17, these terms
produce correlations between the dot and lead variables.
Processes corresponding to these correlations have been
discussed in detail by Scholler and co-workers24, however
their importance for the present problem is unclear.
Substituting Eq. 17 into Eq. 15 leads to
dρDI(t)
dt
= −Trleads
∫ ∞
−∞
dt′[HtI(t),KI(t, t′)[HtI(t′), ρsI(t′)]]
(19)
Eq. 19 is a generalized Master equation that under steady
state conditions (setting the l.h.s. of Eq. 19 to zero) can
be written in the following form,
0 =
∑
j
P jRj→i (20)
where 〈i|ρD|i〉 = P i, the probability of being in the i-
th dot state. (Under steady state conditions off-diagonal
elements of the density matrix vanishes except in the case
of accidental degeneracies). Conservation of probability
requires
∑
iRj→i = 0, from which it follows that
0 =
∑
j 6=i
P jRj→i − P i
∑
j 6=i
Ri→j (21)
so that the quantities Rj→i may be interpreted as the
various in-scattering and out-scattering rates.
A formal expression for the current may also be derived
by using Eq. 8 and observing that TrIˆρs = 0, so that
〈I〉 = TrIˆρt (22)
= −iT r
∫ ∞
−∞
dt′[II(t)KI(t, t′)), HtI(t′)]ρDI(t′)⊗ ρleads
Eqns. 21 and 22 are our basic results. Further analysis
depends on the specifics of the system and of the approx-
imation chosen. At temperature T, only times t < 1/T
are relevent, so at sufficiently high T , we may approxi-
mate KI by its short time behavior,
KI(t, t
′)→ θ(t− t′) (23)
Indeed making this substitution in Eq. 17 leads to the
following expression for ρt in the Heisenberg representa-
tion,
ρt = −i
∫ t
−∞ dt
′ e−i(HD+Hleads)(t−t
′)[Ht, ρs(t
′)] (24)
ei(HD+Hleads)(t−t
′)
The above expression for ρt when substituted in the
first line of Eq. 22 leads to the widely accepted Meir-
Wingreen18 expression for the current,
IL =
∫ t
−∞ dt
′ ∫ dǫN(ǫ)Im{eiǫ(t−t′)G<(t, t′) + fL(ǫ)(25)
eiǫ(t−t
′)GR(t, t′)}
where N(ǫ) is the density of states, and the Green’s func-
tions are defined as
GR(t, t′) = −iθ(t− t′)〈{d(t)tˆkL{zˆ(t)}, d†(t′)tˆ†kL{zˆ(t′)}}+〉(26)
G<(t, t′) = i〈d†(t′)tˆ†kL{zˆ(t′)}d(t)tˆkL{zˆ(t)}〉 (27)
In general the second and third terms in Eq. 18 im-
ply KI(t) = θ(t)k(t) where k 6= 1, suggesting the
Meir-Wingreen formula is incomplete. However we sus-
pect that in the present problem in which there is no
backscattering and no “excitonic” interaction between
dot and lead variables, correlations corresponding to
i[HtI , .] − iT rleads[HtI , .] ⊗ ρleads 6= 0 (Eq. 18) are ir-
relevant: any such configuration simply propagates away
from the lead and does not return. Some supporting
evidence for this argument is provided by the exact diag-
onalization results of Section III; however the issue war-
rants further investigation.
For the simpler case of left and right phonon indepen-
dent tunneling amplitudes the Green’s functions in Eq. 25
are simply the dot d-electron correlator. Wingreen et
al.18 showed that in this scenario and for the case of left
and right tunneling amplitudes that are proportional to
each other (but with non-trivial on-dot interactions), the
current through a single resonant level simplifies to
I =
∫
dǫ
2π
ΓL(ǫ)ΓR(ǫ)
ΓL(ǫ) + ΓR(ǫ)
A(ǫ) (28)
where A(ǫ) = i(GRd (ǫ)−GAd (ǫ)), with GRd (t, t′) = −iθ(t−
t′)〈{d(t), d†(t′)}+〉. and ΓL/R(ǫ) = 2π
∑
k t
2
k,L/Rδ(ǫk−ǫ).
When the temperature is the highest energy scale in
the problem, approximation of Eq. 23 becomes exact,
and further the Green’s functions in Eq. 25 are replaced
by their short time behaviour19. This shall be explic-
itly demonstrated in the next section where we will de-
rive rate equations for the on-dot probability distribution
within the sequential tunneling regime. Following this,
in Section IV we shall carry out the Meir-Wingreen pre-
scription for calculating the current for general tempera-
tures.
III. HIGH-TEMPERATURE APPROXIMATION:
RATE EQUATIONS
A. Formalism
In this section we shall carry out a high-T analysis for
the simple case where the only phonon mode the electron
degrees of freedom couple to is the on-dot vibrational
5mode. (The case of the phonons coupled to leads has
been discussed is some detail by McCarthy et al.11 within
the high temperature approximation).
It is often convenient to choose a representation which
is diagonal in the dot degrees of freedom. In the present
model this is achieved via a standard20 canonical trans-
formation. Defining S = λ
(∑
i,σ d
†
i,σdi,σ
) (
b† − b) and
transforming all operators O via eSOe−S leads to a
transformed Hamiltonian H ′ = H ′dot +H
′
t +Hleads with
H ′D = ε
′nd + ω0b˜†b˜+ U˜2 nd (nd − 1) (29)
H ′t =
∑
a=L,R,i ti,a
∑
p,σ
(
X̂a†apσdi,σ +H.c.
)
(30)
where the transformed phonon operator b˜ = b −
λ
∑
i,σ d
†
i,σd i,σ, so that the phonon ground state depends
on the dot occupancy. Moreover ǫ′ = ǫ−λ2ω0 is the ’po-
laron shift’ in the energy for adding one electron to the
molecule and the interaction parameter U is also renor-
malized, but as we shall focus here on U →∞ we do not
write the renormalization explicitly. The crucial phonon
renormalization of the electron-lead coupling is given by
X̂ = exp
[
−λ
(
b˜† − b˜
)]
(31)
The high-T approximation proceeds from Eq. 24 by
making the Markov approximation which involves replac-
ing ρs(t
′) in the integrand in Eq. 24 by ρs(t). After sub-
stituting for ρt in Eq. 15 it is also convenient to replace∫ t
−∞ =
1
2
∫∞
−∞, which amounts to absorbing any level
shifts induced by the dot-lead coupling into the bare val-
ues of the parameters. Following this we obtain
dρs(t)
dt = −i[HD +Hleads, ρs]− 12
∫∞
−∞ dt
′ (32)
[Ht, e
−i(HD+Hleads)(t−t′)[Ht, ρs(t)]ei(HD+Hleads)(t−t
′)]
On the assumption that orthogonality effects may be
neglected, we may formally take the trace over the lead
degrees of freedom and in the process arrive at coupled
equations of motion for the various occupation proba-
bilities of the dot. We outline the calculation in detail
for one of the 4 terms that one gets on opening up the
commutator in Eq. 32.
Trleads
(dρleads⊗ρD)
dt (33)
= − 12
∫∞
−∞ dt
′ TrleadsHte−i(HD+Hleads)(t−t
′)
Htρleads ⊗ ρDei(HD+Hleads)(t−t′) + . . .
Using the following relations
Trleadsρleads = 1 (34)
Trleads
(
ρleadsa
†
α,k1
aβ,k2
)
= δα,βδk1,k2f(ǫk − µα)
Trleads
(
ρleadsaα,k1a
†
β,k2
)
= δα,βδk1,k2 (1− f(ǫk − µα))
we obtain
dρD
dt
= −1
2
∫ ∞
−∞
dt′
∑
k,α=L,R,i,j,σ
t2αfk,αe
iǫk,α(t−t′)diσ
(35)
Xe−iHd(t−t
′)d†jσX
†ρDeiHD(t−t
′)
+ t2α(1− fk,α)e−iǫk,α(t−t
′)
d†iσX
†e−iHD(t−t
′)djσXρ
DeiHD(t−t
′) + · · ·
We may now identify the probability Pnm of the dot being
in a state with n electrons and m phonons as,
Pnm = 〈n,m|ρD|n,m〉 (36)
Note that while ρD is always diagonal in the dot electron
number, it may be off-diagonal in the phonon number
(due to the presence of the X operators in Eq. 35). How-
ever such terms are negligibly small in comparision to the
components of ρD that are diagonal in phonon number,
and are therefore neglected in our analysis. That is also
the reason why we have dropped the first term in Eq. 32
in the next set of equations.
We are now in a position to write rate (Master) equa-
tions for the electron- phonon joint probabilities, which
take the form
P˙nq =
∑
a,q′ fa ((q − q′)ω0 + U(n− 1)) Γaq,q′P (n−1)q′ (37)
+ (1− fa ((q′ − q)ω0 + Un)) Γaq,q′P (n+1)q′
− (1− fa ((q − q′)ω0 + U(n− 1))) Γaq′,qPnq
−fa ((q′ − q)ω0 + Un) Γaq′,qPnq
Note that in our notation the upper index in Pnq always
refers to the electron number and the lower index the
phonon number, while fa(x) is short form for the Fermi
function evaluated at f(x+ǫ′−µa), µa being the chemical
potential of lead a.
Thus within the high-T approximation the rate for
going from an n electron and q phonon state on the
dot to an n − 1 electron q′ phonon state is Rn→n−1q→q′ =∑
a=L,R fa ((q − q′)ω0 + U(n− 1)) Γaq,q′ , where Γaq′,q rep-
resents the transition rate involving hopping an electron
from the dot to lead a and changing the phonon occu-
pancy from q (measured relative to the ground state of
H ′D with occupancy n) to q
′ (measured relative to the
ground state of H ′D with occupancy n − 1) and is equal
to the transition rate involving hopping an electron from
the lead a to the dot and changing the phonon occupancy
from q (measured relative to the ground state of H ′D with
occupancy n− 1) to q′ (measured relative to the ground
state of H ′D with occupancy n). More explicitly
20
Γaq′,q = Γa |< q′|X |q >|2 (38)
The matrix element can be computed by standard
methods20; its absolute value | < q|X |q′ > |2 ≡ X2qq′
6is symmetric under interchange of q and q′ and is
X2q<q′ =
∣∣∣∣∣∣
∑
k=0,q
(−λ2)k (q!q′!)1/2 λ|q−q′|e−λ2/2
(k)! ((q − k)! (k + |q′ − q|)!
∣∣∣∣∣∣
2
(39)
As interesting special cases, we write several lowest
operators:
X0n = e
−λ2/2 λn√
n!
(40)
X11 =
(
1− λ2) e−λ2/2 (41)
X21 =
√
2λ
(
1− λ22
)
e−λ
2/2 (42)
X22 =
(
1− 2λ2 + λ42
)
e−λ
2/2 (43)
Observe that for certain values of λ some of the matrix
elements vanish. This unusual behavior is an interference
phenomenon, which is slightly obscured by the notation.
A state which has q phonons excited above the ground
state of the system with n = 0 electrons is a superposition
(with varying sign) of many multiphonon states, when
viewed in the basis which diagonalizes the n = 1 electron
problem, and therefore the transition described by Xqq′
is really a superposition of many different transitions,
which for some values of λmay destructively interfere. In
several recent papers14 the phonon renormalization of the
molecule-lead coupling is apparently omitted, or treated
in an average manner which neglects the q, q′ dependent
structure.
B. I-V characteristics
In this subsection we shall discuss the I-V characteris-
tics obtained from the solution of the high temperature
rate equations for two extreme cases. One is a scenario
where the phonons are not coupled to a bath and their
number changes only when electrons hop on and off the
dot. The second case is when the phonons are strongly
coupled to a bath, and are always forced to be in equi-
librium.
From Eq. 22 we obtain
〈I〉 = Trρt(t)IL (44)
with
Iˆα=L/R = itL
∑
k
(
a†α,kdX − d†X†aα,k
)
(45)
Using Eq. 24 for ρt and following the same procedure
of tracing out the metal degrees of freedom, we arrive at
the following expression for the current through the lead
a in terms of the joint probability distribution functions,
Ia =
∑
n,q,q′(2dg − n)Pnq fa ((q′ − q)ω0 + Un) Γaq,q′(46)
−(n+ 1)Pn+1q (1− fa ((q − q′)ω0 + Un)) Γaq′,q
where the sum on n is from 0 to (2dg − 1), 2dg being the
maximum occupation of the dot.
As an aside consider the simple case of spinless electron
with no coupling to phonons with a non-degenerate dot
level of energy ǫd. In this case the rate equations give us
the following probability for a singly occupied level,
P 1 =
ΓLf(ǫd − µL) + ΓRf(ǫd − µR)
ΓL + ΓR
(47)
while the current from Eq. 46 is simply
IL =
ΓLΓR
ΓL + ΓR
{f(ǫd − µL)− f(ǫd − µR)} (48)
On comparing the above expression with the exact solu-
tion for the current obtained by Wingreen et al. (Eq. 28)
we can explicitly see that the high-T approximation cor-
responds to assuming the spectral function is a delta-
function.
We shall now discuss the opposite limit, of phonons
equilibrated to an independent heat bath, assumed to
be at the same temperature as the leads. To implement
this we force the probability distributions on the right
hand side of Eq. 37 to have the phonon-equilibrium form
Pnq = P
ne−qω0/T (1 − e−ω0/T ). In the U → ∞ limit this
ansatz implies that the probability P 0 that the dot is
empty is given by,
P 0 =
∑
a,q,q′ Γ
a
q,q′e
−qω0/T fa,q,q′∑
a,q,q′ 2Γ
a
q,q′e−q
′ω0/T fa,q,q′ + Γaq,q′e
−qω0/T fa,q,q′
(49)
where fa,q,q′ = 1 − fa ((q − q′)ω0), fa,q,q′ = 1 − fa,q,q′
while, P 1 = 1− P 0.
In general for both equilibrated and unequilibrated
cases the rate equations may be written in the matrix
form
P˙ = MˆP (50)
Therefore under steady state conditions (P˙n = 0), the
problem reduces to finding the eigenvector correspond-
ing to the zero eigenvalue of the matrix Mˆ . We do this
numerically. From these solutions we have computed
the current. Representative results are shown in Fig. 3
which plots the low-T current as a function of Vsd for
two gate voltages: Vg = 0 (µL = −µR, upper panel) and
Vg =
Vsd
2 (µR = 0, lower panel), for both equilibrated
and unequilibrated phonons. (Note that the calculation
is for large values of U which correspond to negligible
double occupation probabilty for the dot electrons).
Steps (broadened by T) in the current associated
with “phonon side-bands” are observed when the
source-drain voltage passes through an integer multiple
of the phonon frequency. However, in the opposite ’linear
response’ limit Vsd → 0 (not shown), as Vg is varied we
find just one main step in the I − V -curve, as Vg passes
through 0, and only very tiny structures (vanishing as
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FIG. 3: Current (I) vs source-drain voltage Vsd for coupling
constant λ = 1.0 ω0 = 1 and T = 0.05. Upper panel is for
Vg = 0.0, while lower panel is for Vg = Vsd/2, µR = 0. I is in
units of eT
~
e−ω0/T , which is the probability of the dot being empty
with one phonon excited) when Vg is a non-zero multiple
of the phonon frequency. This result appears to differ
from that stated by other authors 9,10 who find phonon
side bands as Vg is swept at Vsd → 0. The authors of 9,10
apparently neglected the fact that
the phonon side-bands “float” i.e., shift with the fermi
level as Vg is changed.
Fig. 3 reveals on first sight an apparently surprising
result: for symmetric bias (Vg = 0) and for the coupling
considered, the current is larger for equilibrated phonons
than for the unequilibrated case, whereas for the strongly
asymmetric case (µR = 0), the opposite is true. This is
surprising because one expects that in the unequilibrated
case the phonons arrange themselves so as to maximize
the current. To gain more insight into this phenomenon
we have calculated the dependence of the ratio of currents
for unequilibrated and equilibrated phonons on the cou-
pling λ for different degrees of bias asymmetry. We find
that except for µR = 0.0 (the most asymmetric case) a
minimum in the ratio occurs for a λ ∼ 1. This behaviour
may be traced back to Eq. 41,43 which reveal that higher
order “diagonal” (n phonon- n phonon) matrix elements
vanish for a λ ∼ 1.
The steps in current may be conveniently parameter-
ized by the height (or the area, as the width is sim-
ply proportional to T ) of the corresponding peaks Gmax
in the differential conductance G = dI/dV . Ratios of
peak heights (or areas) provide a convenient experimental
measure of whether the phonons are in equilibrium. At
low T, the equilibrium phonon distribution corresponds
to occupancy only of the n = 0 phonon state, so the n-th
side band involves a transition from the 0 phonon to the
n phonon state. Therefore the ratios of the peak heights
or areas are controlled by ratios of |Xn0|2. In particular
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FIG. 4: Ratio of differential conductance (G) peak heights
for equilibrated and unequilibrated phonons and two different
coupling strengths and µL = −µR. The points for λ = 0.5
(open symbols) have been multiplied by 10.
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FIG. 5: Phonon probability distributions for two differ-
ent electron-phonon coupling constants calculated for µL =
−µR = 2ω0.
Eqns. 40, 46 imply that if µL = −µR and T ≪ ω0,
Gnmax
G0max
∣∣∣∣∣
equil
=
|Xn0|2
2|X00|2 =
λ2n
2(n!)
(51)
Note that if µL 6= µR, then µ dependent changes in the
occupation probabilities lead to additional, and not sim-
ply characterized n dependence.
Deviations from this pattern imply non-equilibrium
phonons. As illustration we display in Fig. 4 Gmax val-
ues (normalized to the zero frequency peak) for equi-
librium and non-equilibrium phonons and a weak and
strong electron phonon coupling. One sees that in the
non-equilibrium case the peak heights display a non-
systematic dependence on electron-phonon coupling and
peak index, but that in general measurements of the
n = 1 and n = 2 peaks reveal the effect clearly.
It is also of interest to consider how far out of equi-
librium the phonon distribution may be driven. Fig. 5
shows the phonon occupation probabilities for weak and
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FIG. 6: Phonon probability distributions for weak electron-
phonon coupling (λ = 0.5) calculated for µL = 2ω0, µR = 0.0
(left panel) and µL = 5ω0, µR = 0.0 (right panel). Note
the saturation in the probability distribution function which
is also much closer to equilibrium. This situation is quite
different for the same coupling constant and symmetric bias
(see Fig. 5).
strong electron-phonon coupling and Vg = 0. One sees
immediately that the phonon distribution function is far-
ther from equilibrium for weak couplings than for strong
couplings. We associate this effect to the strong λ de-
pendence of operators X0n, (Eq. 40) which allows the
system at large λ to “jump down” from a highly excited
state to one of low phonon occupancy. The deviation
from equilibrium is largest for Vg = 0 for similar reasons.
Fig. 6 illustrates the scenario of non-zero gate voltage
or asymmetric bias conditions µL = Vsd, µR = 0.0. Here
the phonon distribution for weak coupling saturates with
bias to a value which is closer to its equilibrium distri-
bution. As we shall show in Section IV, this gate voltage
dependence of the non-equilibrium phonon distribution
function is recovered in the quantal regime Γ≫ T as well.
Fig. 7 is the average phonon number Nph =
∑
n,m nP
m
n
for moderate electron-phonon coupling. The steps in
Nph − Vsd observed here coincide with the steps in I-
V and correspond to sequential (direct) tunneling. This
is to be contrasted with the quantal regime (Section IV,
Fig. 15) where Nph increases continously with bias due
to higher order cotunneling processes.
C. DC Noise characteristics
Another important spectroscopic tool that is sensitive
to the details of the electron-phonon coupling and to the
phonons distribution is the current noise. In this sub-
section we outline the calculation of the dc current noise
within the high-T approximation. Quite generally, the
current noise SLL(t) through the left lead is given by the
0 1 2 3 4 5 6 7 8 9 10
V
sd
0
1
2
3
4
Nph
λ = 1.0
FIG. 7: Average phonon number under symmetric bias con-
ditions, µL = −µR , electron-phonon coupling λ = 1.0 and
ω0 = 20T .
following correlation function17,21
SLL(t) =
1
2
Tr ρ{IL(t)IL(0) + IL(0)IL(t)} − (Tr ρIL)2
(52)
Using the fact that IL(t) = e
iHtIL(0)e
−iHt, the above
expression for noise may be rewritten as
SLL(t) =
1
2
Tr λ(t)IL(0) (53)
where
λ(t) = e−iHt{(IL − 〈IL〉) ρ+ ρ (IL − 〈IL〉)}eiHt (54)
Since we are calculating the correlation of the same phys-
ical quantity at two different times, we expect S(t) =
S(−t). Therefore we shall explicitly calculate S(t) for
positive times, for which we need to calculate the causal
function λ(t) that obeys the equation of motion
dλ(t)
dt
= −i[H,λ(t)] + δ(t){δILρ+ ρδIL}, t ≥ 0(55)
= 0, t < 0
where δIL = IL − 〈IL〉. Note that Tr λ(0) = 0, and we
expect λ(t) to be traceless at all times. Also from charge
conservation it follows that the noise across the left and
right leads are equal (SLL(t) = SRR(t)).
We now solve the equation of motion for λ by decom-
posing λ = λs+λt, where λs = λD⊗λleads is diagonal in
the dot and lead variables, while λt is off-diagonal. After
doing a similar decomposition for the density matrices
ρ = ρs + ρt, the equation of motion for λ (Eq. 55) may
be re-written in a manner similar to that done for the
9equations of motion for ρ in the previous section
dλs
dt
= −i[Ht, λt] + δ(t) (Iρt + ρtI − 2〈I〉ρs) (56)
dλt
dt
= −i[HD +Hleads, λt]− i[Ht, λs] (57)
+ δ(t) (Iρs + ρsI − 2〈I〉ρt)
Note that we have dropped the [HD+Hm, λs] term for the
same reasons as before, namely that the matrix elements
of this term is off-diagonal in the phonon number and is
very small in comparision to the components of λs that
are diagonal in phonon number.
The solution for λt from Eq. 57 is given by,
λt(t) = −i
∫ t
−∞
dt′ e−i(HD+Hleads)(t−t
′)[Ht, λs(t
′)] (58)
ei(HD+Hleads)(t−t
′) + θ(t) e−i(HD+Hleads)t
(I(0)ρs(0) + ρs(0)I(0)− 2〈I〉ρt(0)) ei(HD+Hleads)t
Substituting Eq. 58 in Eq. 56 and going through the usual
steps of extending the upper range of the integral to in-
finity, and making the Markov approximation (which in-
volves pulling λ out of the time integral), we arrive at the
following matrix expression for the equation of motion for
λ,
dλD
dt
= MˆλD + δ(t)h, t ≥ 0 (59)
= 0, t < 0
The matrix Mˆ is the same that enters in the equation
of motion for ρD. In arriving at the expression for the
vector h, we have approximated oscillating factors such
as eiǫt ∼ 2πδ(t)δ(ǫ). Following this the vector h has the
structure
hnq = −2〈IL〉Pnq + 2
∑
q′,n(2dg − n)Pnq′ (60)
RL,n,n+1q′,q − (n+ 1)Pn+1q′ RL,n+1,nq′,q
where as before the sum on n is from 0 to 2dg − 1, dg
being the number of degenerate levels not counting spin.
Note that we are using the following short-hand notation,
Ra,n,n+1q,q′ = fa ((q
′ − q)ω0 + Un) Γaq,q′ (61)
Ra,n+1,nq′,q = (1− fa ((q′ − q)ω0 + Un))Γaq,q′ (62)
Moreover by using Eq. 46 it is easy to check that h (whose
components are given in Eq. 60) is traceless.
Now we shall rewrite the Eq. 53 explicitly in terms of
the components of λD and the steady state probabilities
P 0n and P
1
n (components of reduced density matrix ρD).
After some algebra one finds that
SLL(t) =
1
2
Trm,DILλt, t ≥ 0
= −〈IL〉2 + 1
2
(S1L(t) + S2L(t)) (63)
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FIG. 8: DC Noise for λ = 0.2 and under symmetric bias
conditions µL = −µR = Vsd/2. Vsd is in units of ω0 = 20T .
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where SLL(−t) = SLL(t), and
S1L(t) =
∑
q,q′,n(2dg − n)λnq (t)RL,n,n+1q,q′ (64)
−(n+ 1)λn+1q (t)RL,n+1,nq,q′
and
S2L(t) = 2δ(t)
∑
q,q′,n(2dg − n)Pnq (t)RL,n,n+1q,q′ (65)
+(n+ 1)Pn+1q (t)R
L,n+1,n
q,q′
Note our notation λnq = 〈n, q|λD|n, q〉 etc. where λD =
Trleadsλs. Also note that the δ(t) in the expression
for S2L(t) again arises from replacing oscillating factors
eiǫt ∼ 2πδ(t)δ(ǫ).
We find it convenient to perform the following shift
of variables λD → λD + 2〈IL〉P . This shift of variables
does not affect the equations of motion Eq. 59 because
MˆP = 0 in steady state. However this shift of variables
cancels the 〈IL〉2 term in Eq. 63.
Collecting all the terms we arrive at the following ex-
pression for the DC noise power
S˜dc = 2
∫ ∞
−∞
dtSLL(t) (66)
S˜dc = 2
∑
q,q′,n(2dg − n)(Pnq + λ˜nq (0))RL,n,n+1q,q′ (67)
−(n+ 1)(−Pn+1q + λ˜n+1q (0))RL,n+1,nq,q′
where the components of λ˜(ω = 0) are obtained from
solving the matrix equation
λ˜D(ω = 0) = −M−1h (68)
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Note that the matrix Mˆ has the property that
∑
iMij =
0, so that one of its eigenvalues is 0. However h being
traceless, M−1h is well defined.
Let us now look at the simple case of no electron-
phonon coupling and spinless electrons. In that case
the matrix Mˆ acqires the simple 2 × 2 form (note that
fa = 1/(1 + e
(ǫ′−µa)/T )
M =
(− (ΓLfL + ΓRfR) ΓL(1− fL) + ΓR(1− fR)
ΓLfL + ΓRfR − (ΓL(1 − fL) + ΓR(1− fR))
)
(69)
while the components of λ˜(ω = 0) are given by
λ˜0 = −λ˜1 = − h
1
ΓL + ΓR
(70)
where
h1 = 2ΓLP
0fL − 2〈IL〉P 1 (71)
The full expression for the dc-noise is
S˜dc = 2ΓL
(
P 0fL + P
1(1− fL)
)− 4 Γ2LΓL+ΓRP 0fL (72)
+4 ΓLΓL+ΓR 〈IL〉P 1
We may now derive expressions for the dc noise in two
limits. The first one is in the linear response regime µL =
µR so that P
0 = 1− fL and 〈IL〉 = 0. In that case,
S˜dc = 4
ΓLΓR
ΓL + ΓR
fL(1− fL) (73)
which is the result expected from the fluctuation dissipa-
tion theorem Sdc = 4TG.
The other limit is µL = −µR = eV/2 ≫ T so that by
using the expression P 1 = ΓLfL+ΓRfRΓL+ΓR and setting to zero
combinations such as fL(1− fL) we obtain
S˜(ω = 0) = 2
Γ2L + Γ
2
R
(ΓL + ΓR)2
〈IL〉 (74)
where 〈IL〉 = ΓLΓRΓL+ΓR . The above expression gives the
standard shot noise result when ΓL ≪ ΓR 21
The results for the noise for the case of phonons in equi-
librium and the opposite case of phonons not coupled to
any heat bath are illustrated in figures 8 (weak coupling)
and 9 (strong coupling). The difference between the equi-
librated and unequilibrated cases is more dramatic for
smaller λ. For λ = 0.2 while only one phonon side band
is seen for the equilibrated case, very sharp phonon side
bands are seen for the entire bias range when the phonon
distribution is far out of equilibrium, with certain side
bands appearing as peaks (rather than steps) associated
with the suppression of noise.
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IV. QUANTUM THEORY OF TRANSPORT
THROUGH A PHONON-COUPLED DOT
A. Overview
In this section we present a fully quantum mechanical
treatment of the simple limit of the model considered in
previous sections. In order to carry out the calculation
we restrict attention to a single non-degenerate level with
no onsite coulomb U , and to low orders in perturbation
theory in the electron-phonon coupling. The results shed
light on the relation between the Green’s function for-
malism natural in the quantal treatment, and the density
matrix formalism natural in classical problems, and elu-
cidate the quantal to classical crossover. For the reader’s
convenience we reproduce here the limit of Eqns. 2,3 and
4 which we study.
Hel = ǫ0d
†d+
∑
k,a=L,R
ǫka
†
k,aak,a
+
∑
k,a=L,R
tk,a
(
d†ak,a + h.c
)
(75)
(76)
Hph = ω0b
†b (77)
Hel−ph = λω0(b+ b†)d†d (78)
Note that we have neglected the spin index, which may
be restored in the final expressions for the current by
simply multiplying by a factor of 2.
We use two methods to analyze the above Hamilto-
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nian. One is the Keldysh Green’s function method and
the other is an explicit construction of the eigenstates
and thus the density matrix. We note that the Green’s
function method directly computes the expectation value
of operators at different times, bypassing the explicit con-
struction of the density matrix. However equal time mul-
tiparticle Green’s functions correspond to moments of the
density matrix, and permit in principle its reconstruc-
tion.
The rest of the section is divided as follows. In sub-
section B we provide the exact solution in the absence of
coupling to phonons. The eigenstates of this system will
form the basis for the perturbative calculations that fol-
low. In subsection C we outline the Keldysh calculation
while in subsection D we present results for the special
case when the phonon distribution is always in its ground
state. In section E and F we generalize to the case when
the phonons are allowed to deviate from equilibrium and
also supplement our results obtained from the Keldysh
Green’s function technique by a perturbative calculation
for the phonon density matrix that allows us to obtain
the out of equilibrium phonon distribution function.
B. Non-interacting dot and exact expressions for
the current for an interacting dot
Following standard methods20, the exact eigenstates
of Hel (Eq. 75) can be easily obtained. The Hamiltonian
after diagonalization is
Hel =
∑
k,a=L,R
ǫkα
†
k,aαk,a (79)
Note that while ak,L/R in Eq. 75 refer to states that live
only on the left/right lead, an exact eigenstate of Hel has
non-vanishing amplitude in both leads. We write the ex-
act solution in a scattering state basis in which αk,a=L/R
refers to a running wave incident from the left/right lead
with a certain amplitude of getting reflected back to the
starting lead and a corresponding amplitude for trans-
mission to the other side. The label L/R now refers to
the lead from which the particle is incident, and there-
fore determines the distribution function describing oc-
cupancy of the states. The dot and metal electron cre-
ation/annihilation operators are related to these exact
(scattering) eigenstates as follows
ak,a =
∑
k′,b=L,R
ηka,k′bαk′,b (80)
d =
∑
k,a=L,R
νk,aαk,a (81)
The coefficients η and ν in the above set of equations
obtained from ensuring proper commutation relations are
given by,
ηka,k′b = δk,k′δa,b − tkaνk
′b
ǫka − ǫk′b + iδ (82)
νka =
tka
ǫka − ǫ0 −
∑
k′b
t2
k′b
ǫka−ǫk′b−iδ
(83)
We identify tunneling rates to the left and right leads by
ΓL/R(ǫ) = 2π
∑
k
t2k,L/Rδ(ǫ − ǫk) (84)
The current through the left lead is given by
IL =
dNL
dt
= −i e
~
∑
k
tkL
(
d†akL − h.c.
)
(85)
〈IL〉 = 2 e
~
∑
k
tkLIm〈d†akL〉
and charge conservation requires IL = −IR. Plugging
in the expressions for d and akL in terms of the exact
eigenstates αka into the expression for the current (Eq.
85) we obtain
〈IL〉 = 2 e
~
∑
k,k1,k2;α,β=L,R
tLIm
(
ηkL,k2βν
∗
k1,α〈α†k1,ααk2,β〉
)
(86)
In the non-interacting limit the expectation value of the
exact eigenstates is
〈α†k1ααk2,β〉 = δα,βδk1,k2f(ǫk − µβ) (87)
where f(x) is the Fermi-Dirac distribution function. Sub-
stituting this in Eq. 86 we obtain
〈IL〉 = e
~
∫
dǫ
2π
ΓL(ǫ)ΓR(ǫ)
ΓL(ǫ) + ΓR(ǫ)
{f(ǫ−µL)−f(ǫ−µR)}A(ǫ)
(88)
where A(ǫ) is the spectral density of the dot and is given
by
A(ǫ) =
ΓL(ǫ) + ΓR(ǫ)
(ǫ − ǫ0 − Σ′(ǫ))2 + (Γ(ǫ)2 )2
(89)
Note that Σ′(ǫ) is related to Γ(ǫ) = ΓL(ǫ) + ΓR(ǫ) by
the usual Kramers-Kronig relation. For simplicity in our
subsequent computation we assume energy independent
density of states and tunneling amplitude tL,R, so that
Σ′ = 0 and ΓL,R are constants. Eq. 88 agrees with the ex-
pression for the current that was derived by Wingreen et
al.18 employing the Keldysh non-equilibrium technique.
In the presence of electron-phonon interactions, the full
Hamiltonian (now including Eq. 77 and Eq. 78) takes the
following form in the basis of exact eigenstates of the non-
interacting system,
H =
∑
k,a=L,R
ǫkα
†
k,aαk,a + ω0b
†b (90)
+ λω0(b + b
†)
∑
k,k′,a,b=L,R
ν∗k,aνk′,bα
†
kaαk′b
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A standard method for studying the nonequilibrium
problem posed by H is to define retarded Green’s func-
tion for the electrons on the dot
GRd (t, t
′) = −iθ(t− t′)〈{d(t), d†(t′)}+〉 (91)
= −iθ(t− t′)∑ka,k′b νkaν∗k′b〈{αka(t), α†k′b(t′)}+〉(92)
and the Keldysh Green’s function for the dot electron,
GKd (t, t
′) = −i〈{d(t), d†(t′)}−〉 (93)
= −i
∑
ka,k′b
νkaν
∗
k′b〈{αka(t), α†k′b(t′)}−〉(94)
Similarly for the phonons we define the corresponding
retarded and Keldysh Green’s functions,
DR(t, t′) = −iθ(t− t′)〈{b(t) + b†(t), b(t′) + b†(t′)}−〉(95)
DK(t, t′) = −i〈{b(t) + b†(t), b(t′) + b†(t′)}+〉 (96)
Note that the phonon (electron) Keldysh propagators
in the equal time limit are iDK(t, t) = 2(1 + 2〈b†b〉)
(iGKd (t, t) = 1 − 2〈d†d〉) and are directly related to the
average phonon (electron) number and therefore corre-
spond to the first moments of the density matrix. Higher
order equal time correlators 〈(b(t)b†(t))n〉 give higher mo-
ments of the density matrix, enabling in principle the full
reduced density matrix ρD to be reconstructed.
The retarded dot Green’s function for a single resonant
level in the absence of phonons can be easily obtained by
using Eq. 87
GRd (t, t
′) = gR(t1, t2) =
∑
ka
|νka|2GRka,ka(t1, t2) (97)
where GRka,ka(t, t
′) = −iθ(t − t′)〈{αka(t), α†ka(t′)}+〉 =
−iθ(t − t′)e−iǫk(t−t′). It is now easy to see that in
Fourier space the retarded Green’s function for the non-
interacting dot has the familiar form
g˜R(ω) =
∑
ka
|νka|2
ω − ǫk + iδ =
1
ω − ǫ0 + iΓ2
(98)
In a similar manner the Keldysh Green’s function in the
absence of phonons is found to be
g˜K(ω) = 2πi
∑
ka
|νka|2δ(ω − ek){2f(ǫk − µa)− 1} (99)
= −iΓL (1− 2f(ω − µL)) + ΓR (1− 2f(ω − µR))
(ω − ǫ0)2 + Γ24
where f(x) = 1/(exp( xT ) + 1) denotes the Fermi distri-
bution function.
Moreover in the non-interacting limit, the retarded
and Keldysh phonon Green’s functions (D
R/K
0 ) defined
in Eq. 95 and 96 take the following form in Fourier space
DR0 (ω) =
2ω0
ω2 − ω20 + iδsgn(ω)
(100)
DK0 (ω) = −2πi{δ(ω + ω0) + δ(ω − ω0)} coth
ω0
2T
(101)
In order to calculate the current for the case when
electron-phonon interactions are present, we shall use
the result derived by Wingreen et al., namely that
the current through an interacting dot is still given by
the expression Eq. 28, but with the spectral density
A(ǫ) = 2iIm{GRd (ǫ)}, where GRd is the d-electron re-
tarded Green’s function calculated under appropriate
nonequilibrium conditions and with respect to the full
Hamiltonian H. We shall carry out this prescription for
calculating the spectral density in the next section.
C. Keldysh Greens function method: perturbative
analysis
In the presence of non-zero electron-phonon coupling,
the Dyson’s equations we wish to solve may be written
in the following compact form in 2× 2 Keldysh space22
G−1
d
= g−1
d
− Σ˜ (102)
D−1 = D−1
0
−Π (103)
where
Gd =
(
GRd G
K
d
0 GAd
)
is the local dot Green’s function, and
Σ˜ =
(
Σ˜R Σ˜K
0 Σ˜A
)
is the electron self-energy due to electron-phonon inter-
actions. A similar matrix structure for the phonon prop-
agator D and polarization Π in terms of retarded, ad-
vanced (DR/A,ΠR,A) and Keldysh (DK ,ΠK) components
also exists. The non-interacting Green’s functions gd and
D0 have components that have been explicitly calculated
in Eqn. 98, 99, 100 and 101. Note that the temperature
enters explicitly via the bare electron and phonon Green’s
function.
We analyze the equations perturbatively. The expan-
sion parameter is λω0Γ , and the leading non-trivial Σ˜
and Π are represented by the diagrams in Fig. 10. We
write the perturbative expansion in the usual self-energy
language, but we note that in contrast to the conven-
tional band-electron case crossed diagrams for the elec-
tron Green’s function are not small relative to uncrossed
diagrams, because the Green’s function lacks the pole
structure found in the translation invariant case. Our
results for the electron Green’s function and electron ki-
netic equation should be understood to be perturbative
in λ.
To leading nontrivial order it is sufficient to calculate
the phonon self-energyΠ using the bare electron Green’s
function gd, but a correct calculation of Σ˜ requires the
use of the full D.
The retarded phonon self energy (Fig. 10) becomes
ΠR(t, t′) = − iλ
2ω20
2
{gR(t, t′)gK(t′, t) + gK(t, t′)gA(t′, t)}
(104)
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while the Keldysh phonon self-energy is
ΠK(t, t′) = −iλ
2ω2
0
2 {gR(t, t′)gA(t′, t) (105)
+gA(t, t′)gR(t′, t) + gK(t, t′)gK(t′, t)}
Going into Fourier space and using Eqns. 98 and 99 we
obtain the following expression for the real and imaginary
parts of Π˜R(ω) and Π˜K(ω),
Π˜Rre(ω) = −λ2{ΓLT1(µL, ω) + ΓLT1(µL,−ω)(106)
+ ΓRT1(µR, ω) + ΓRT1(µR,−ω)}
Π˜Rim(ω) = iλ
2{ΓLT2(µL, ω)− ΓLT2(µL,−ω) (107)
+ ΓRT2(µR, ω)− ΓRT2(µR,−ω)}
ΠK(ω)
2iλ2 =
Γ2L
2Γ coth(
ω
2T ) (T2(µL, ω)− T2(µL,−ω))(108)
+
Γ2R
2Γ coth(
ω
2T ) (T2(µR, ω)− T2(µR,−ω))
+ΓLΓR2Γ coth(
ω+µL−µR
2T ) (T2(µL, ω)− T2(µR,−ω))
+ΓLΓR2Γ coth(
ω+µR−µL
2T ) (T2(µR, ω)− T2(µL,−ω))
where we define the following integrals
T1(µ, ω) =
∫
dω2
2π
(ω + ω2 − ǫ0){1− 2f(ω2 − µ)}
((ω2 − ǫ0)2 + Γ24 )((ω + ω2 − ǫ0)2 + Γ
2
4 )
(109)
and
T2(µ, ω) =
Γ
2
∫
dω2
2π
1− 2f(ω2 − µ)
((ω2 − ǫ0)2 + Γ24 )((ω + ω2 − ǫ0)2 + Γ
2
4 )
(110)
Analytic expressions for T1(µ, ω) and T2(µ, ω) may be
obtained at zero temperature, and are given in Appendix
A.
Note that the combination T1(µL,ΓL, ω) +
T1(µL,ΓL,−ω) is symmetric, while T2(µL,ΓL, ω) −
T2(µL,ΓL,−ω) is asymmetric with respect to ω. As
a result, for all combination of couplings and applied
voltages
Π˜Rre(−ω) = Π˜Rre(ω) (111)
Π˜Rim(−ω) = −Π˜Rim(ω) (112)
Π˜K(−ω) = Π˜K(ω) (113)
The retarded electron self-energy represented by the
diagram in Fig. 10 is
ΣR(t, t′) =
iλ2ω20
2
{gR(t, t′)DK(t, t′) + gK(t, t′)DR(t, t′)}
(114)
Once we know the components of the polarization matrix
Π, we may use the Dyson equations 103 together with
the following parameterization for DK23
DK = DRfˆk
ph − fˆk
ph
DA (115)
Σ Π
FIG. 10: Diagrams that correspond to the leading contribu-
tion to the electron self-energy (Σ) and the phonon polariza-
tion (Π).
to obtain,
DR(ω) =
2ω0
ω2 − ω20 + iδsgn(ω)− 2ω0ΠR(ω)
(116)
(
i
∂
∂t1
+ i
∂
∂t2
)
fphk (t1, t2) = Π
Rfphk (117)
− fphk ΠA −ΠK
Note that our parameterization in terms of fphk is such
that at equilibrium fphk (x) = coth(x) = 1 + 2nB(x), nB
being the Bose distribution function.
Besides ΣR it is also useful to evaluate the Keldysh
component of the self-energy ΣK that we will later use in
order to calculate the distribution function of the dot. To
the perturbative order to which we work, ΣK is related
to the non-interacting Green’s function of the dot and
the phonon Green’s function as follows
2
ΣK(t, t′)
iλ2ω20
= gR(t, t′)DR(t, t′) (118)
+ gA(t, t′)DA(t, t′) + gK(t, t′)DK(t, t′)
Now that we know the retarded electron self-energy,
we can use Eq. 88 to calculate the current which is given
by,
I(µL, µR) =
e2
~
(
ΓLΓR
ΓL+ΓR
) ∫
dω
2π (f(ω − µL)− f(ω − µR))
Γ−2Σ˜Rim(ω,µL,µR)
(ω−ǫ0−Σ˜Rre(ω,µL,µR))2+(Γ2−Σ˜Rim(ω,µL,µR))
2 (119)
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FIG. 11: Zero bias conductance (in units of e
2
h
) as a function
of level energy (or gate voltage) with (ω0 = 2Γ, solid line)
and without coupling to a vibrational mode (dotted line).
In the next two subsections we present our results for
the two extreme cases of phonons strongly coupled to a
heat bath, and therefore always in equilibrium, and of
phonons uncoupled to an external environment.
D. Results : Equilibrated phonons
In this sub-section we specialize to the case where the
phonons are always in their ground state so that the
phonon Green’s functions DR and DK in equations 114
and 118 are always calculated under the condition that
µL = µR, while all the non-equilibrium effects are in-
cluded in the electron Green’s functions. An important
property of ΣRim(ω) is that at equilibrium it is zero for
ω = 0, and from this and Eq. 119 it immediately follows
that the zero bias conductance even in the presence of
electron-phonon coupling has the form
G(V = 0) =
e2
h
4ΓLΓR
(ΓL + ΓR)
2 (120)
for the case where the two lead chemical potentials in
addition to being equal to each other are also aligned
with the dot level ǫd. Fig. 11 shows the gate voltage
dependence of the zero bias conductance for symmetric
broadening and two values of λ.
Fig. 12 presents our result for the current (conduc-
tance) for the equilibrated phonon case at zero tempera-
ture. The top panel is the difference between the current
with and without electron-phonon coupling for two differ-
ent bias conditions. Note that for asymmetrically applied
biases, the current with phonons can take a value larger
than that in the absence of phonons. This is due to a shift
in the center position of the spectral density (the total
area under the spectral density being conserved). The
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FIG. 12: Zero temperature current (in units of eΓ
h
and mea-
sured relative to no phonon current I0 [upper panel] ) and
conductance [lower panel] (in units of e
2
h
) under asymmetric
(µR = 0, µL = Vsd) and symmetric (µL = −µR = Vsd/2)
bias conditions and for equilibrated phonons. The phonon
frequency ω0 = 2.0Γ and ΓL = ΓR = 0.5Γ. Moreover the
electron-phonon dimensionless coupling strength is λ = 0.25.
Note that under conditions of asymmetric bias, the current
can saturate to a value larger than that for the device without
phonons (λ = 0).
lower panel is conductance for the same bias conditions.
The conductance for the symmetric bias (µL = −µR )
case shows two features, one at Vsd/ω0 = 1.0 and the
other is a much broader feature at Vsd/ω0 = 2.0. While
the former corresponds to the onset of in-elastic cotun-
neling, the latter corresponds to the onset of sequen-
tial tunneling. (Under the asymmetric bias condition of
µL = Vsd, µR = 0 one observes only sequential tunnel-
ing).
The transition from cotunneling dominant current to
sequential tunneling dominant current can be understood
by studying how the imaginary part of the electron self-
energy due to interaction with phonons (Σ˜Rim) evolves
with bias. Fig. 13 shows Σ˜Rim(ω) for the symmetric bias
case µL = Vsd/2 = −µR = ω0/2 and for two differ-
ent values of Γ/ω0. For simplicity we have considered
the case where ΓL = ΓR. Under symmetric bias , Σ˜
R
im
increases rapidly for |ω| > |ω0 − Vsd/2|, while in calcu-
lating the current the spectral density is integrated from
−Vsd/2 to Vsd/2 (see Eq. 119). Therefore clearly there is
a threshold at Vsd = ω0 when the Σ˜im(ω = ω0/2) jumps
by ∝ Γ
ω2
0
+Γ2
, and this corresponds to the onset of inelas-
tic cotunneling. As the voltage is increased further, the
range of integration also increases to finally include the
Lorentizian broadening centered around ω = ω0, and this
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FIG. 13: Imaginary part of the electron self-energy (in units
of Γ) due to phonons for the symmetric bias condition µL =
−µR = Vsd/2 = ω0/2, and λω0 = 1Γ, level energy ǫ0 = 0.
corresponds to the onset of sequential tunneling.
As Γ is made smaller, the size of the step in Σ˜Rim(ω =
ω0/2) decreases, thus decreasing the cotunneling con-
tribution to the conductance. Moreover the lorentzian
broadening in the self-energy around ω0 also becomes
narrower, so that the sequential tunneling peak in the
conductance also gets sharper.
Fig. 14 shows the temperature dependence of inelastic
cotunneling under conditions of no coupling to a heat
bath (unequilibrated phonons). Calculations for this
have been performed in the regime ǫ0 > µL, µR so that
the current is entirely due to cotunneling. (The current
under resonant conditions for this unequilibrated phonon
case is discussed in detail in the next section). It is clear
from Fig. 14 that inelastic cotunneling shows up as a step
in dI/dV that gets rounded very rapidly with increasing
temperature.
E. Results: Unequilibrated phonons
For out of equilibrium conditions, we may derive a
quantum Boltzmann equation for the mean phonon num-
ber, which for weak electron-phonon couplings is iden-
tified as 〈Nph〉 = −1+f
ph
k
(ω=ω0)
2 . (This is from using
Eq. 115 and the fact that for weak couplings DRim is al-
most a delta function at the phonon frequency). There-
fore Eq. 117 rewritten under steady state conditions and
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FIG. 14: Cotunneling dI/dV (in units of e
2
~
) for bias condi-
tions µL = −µR = Vsd/2, level energy ǫ0 = 4.0Γ, ω0 = 2Γ ,
λω0 = 1Γ and for phonons not coupled to any heat bath.
at an on-shell frequency has the form
0 = 〈Nph〉
(
ΠK(ω0) + Π
R(ω0)−ΠA(ω0)
)
(121)
− (1 + 〈Nph〉)
(
ΠK(ω0)− (ΠR(ω0)−ΠA(ω0))
)
From this the phonon outscattering rate may be iden-
tified as {ΠK(ω0) + ΠR(ω0) − ΠA(ω0)}, while the in-
scattering rate may be identified as {ΠK(ω0)−(ΠR(ω0)−
ΠA(ω0))}. 〈Nph〉 is plotted in Fig. 15 for a variety of bias
conditions. The results here are similar to what was ob-
served in the high-T classical calculation, namely that
for bias conditions under which the dot is half filled or
close to it, the phonons tend to go far out of equilib-
rium. When the phonons deviate considerably from their
ground state, the corrections to the electron-self energy
become comparable to Γ and one is no longer within the
perturbative regime. Therefore the results for the cur-
rent and conductance that we present here (Fig. 16) are
for the case of µL = Vsd, µR = 0.0, when the phonons
acquire a steady state distribution at large biases that
is not far from its equilibrium value and a perturbative
approximation is valid.
The upper panel of Fig. 16 plots the difference between
the current with and without phonons for the asymmetric
bias case, and for comparision this is plotted for both
equilibrated and unequilibrated phonons, while the lower
panel is the conductance peak corresponding to the first
phonon side-band. Again within perturbation theory the
differences between these two cases is not significant.
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FIG. 15: Plot of average phonon occupation number for ω0 =
2.0Γ, for several different bias conditions. Except for the most
asymmetric case (µL = Vsd), the phonon number diverges for
large enough bias voltages. Also note that the onset voltage
for the deviation of the phonon number from its equilibrium
value (of zero) also continously shifts from µL = ω0 (most
asymmetric bias) to µL = ω0/2 (symmetric bias) signaling
inelastic cotunneling.
F. Perturbative calculation for Phonon
distribution function
So far the out-of equilibrium Green’s function tech-
nique allowed us to calculate various averages such as
current and mean phonon number. However it is also
interesting to ask what the phonon probability distribu-
tion function itself is under non-equilibrium steady state
conditions. In order to do so we revert to the density ma-
trix formalism developed in Section II. The complication
in calculating this quantity is the nontrivial form of the
operator equation Eq. 19. One can however carry out the
calculation for the rates to leading order in the electron-
phonon coupling, using the diagrammatic language de-
veloped by various authors24,25. In implementing this we
again find it convenient to be in the exact eigenstate ba-
sis for the non-interacting system (Eq. 90). The leading
order contribution to the rates is obtained by expanding
the exponentials entering in the quantum rate equation
19 to leading order in the electron phonon coupling. The
explicit form for the in-scattering and outscattering rates
is therefore
Rn→n±1 = Trleads
∫ 0
−∞ dt〈n|He−ph(0)|n± 1〉 (122)
〈n± 1|He−ph(t)|n〉
where
He−ph(t) = λω0(b(t)+b†(t))
∑
k,k′ ,a,b=L,R
ν∗k,aνk′,bα
†
ka(t)αk′b(t)
(123)
On evaluating the above expressions we obtain the fol-
lowing quantum rate equation for the distribution func-
tion
0 = −P phn (Rn→n+1 +Rn→n−1) (124)
+ P phn+1Rn+1→n + P
ph
n−1Rn−1→n
where the in-scattering rate is given by
Rn→n+1 = λ2ω20(n+ 1)
∫
dǫ
4π (125)∑
a,b=L,R
ΓaΓbf(ǫ−µa)(1−f(ǫ−ω0−µb))
{(ǫ−ǫ0)2+Γ24 }{(ǫ−ǫ0−ω0)2+Γ
2
4
} = (n+ 1)rin
and the out-scattering rate is given by
Rn→n−1 = λ2ω20n
∫
dǫ
4π (126)∑
a,b=L,R
ΓaΓbf(ǫ−µa)(1−f(ǫ+ω0−µb))
{(ǫ−ǫ0)2+Γ24 }{(ǫ−ǫ0+ω0)2+Γ
2
4
} = nrout
We have used short hand notations rin/out for the
cumbersome integrals that appear in the definition of
Rn→n+1 etc. In terms of rin/out the quantum Boltzmann
equation 124 takes the form,
P phn {(n+1)
rin
rout
+n} = P phn+1(n+1)+(n)P phn−1
rin
rout
(127)
It is easy to check that the above equation has a simple
solution given by
P phn = (1 −
rin
rout
)
(
rin
rout
)n
(128)
The quantity rinrout has been plotted for various combina-
tions of Γ and ω0 in Fig. 17. The figure illustrates that
the rapidity with which the phonon distribution diverges
with bias depends on the relative sizes of Γ and ω0. The
stronger the coupling to the leads, the more easily the
phonons equilibrate.
In the high-T classical regime the rate equations for
phonons for weak electron-phonon coupling has the same
structure as Eq. 127 but with modified scattering rates
rin/out. (This has been explicitly shown in Appendix B).
It therefore follows that even in the high-T regime, the
phonon distribution function is given by Eq. 128.
Note that on comparing Eqns. 126,125 with
Eqns. 107,108 we find, not surprisingly,
rin
rout
=
ΠK − (ΠR −ΠA)
ΠK +ΠR −ΠA |ω=ω0 (129)
where the polarization Π were evaluated within the
Keldysh Green’s function approach. Thus in particular
〈Nph〉 = −DK(t=0)+12 =
∑
n nP
ph
n , where DK has been
calculated for phonons with no life-time broadening.
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FIG. 16: Zero temperature conductance and current for
equilibrated, unequilibrated and non-interacting levels under
asymmetric bias conditions (µR = 0, µL = Vsd). The phonon
frequency ω0 = 2.0Γ and ΓL = ΓR = 0.5Γ. Moreover the
electron-phonon dimensionless coupling strength is λ = 0.25.
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FIG. 17: Plot of ratio of phonon inscattering and outscat-
tering rates rin
rout
for several different ratios of ω0/Γ. The bias
conditions are µL = −µR, and the onset of a non-zero rin at
µL = ω0/2 is the sign of inelastic cotunneling. The high-T
limit is approached for Γ ≪ ω0, when the onset of nonzero
rin shifts to the sequential tunneling limit of µL = ω0.
V. LOW T TO HIGH-T CROSSOVER
We would now like to connect our low-T quantum cal-
culation with the high-T calculation discussed in Section
III. The high-T limit may be reached by taking T ≫ Γ
in the Keldysh calculation, and the crossover from the
T = 0 to T ≫ Γ case has been illustrated in figures 18
and 19 for equilibrated and unequilibrated phonons re-
spectively. The results for the equilibrated phonons have
been presented for a rather large electron-phonon cou-
pling λω0 = 10Γ which strictly speaking is beyond the
limits of validity of the perturbative approximation used
here, in order to illustrate how the phonon sidebands
evolve with temperature.
The top panel of Fig. 18 illustrates how the elastic res-
onance broaden with temperature, while the lower panel
shows the broadening of the phonon side-band. As is
evident from the two panels, at high temperatures the
agreement between the high-T rate equation calculation
and the quantum calculation is much better for the case
of phonons with no life-time broadening. The effect of the
life-time broadening due to interactions with electrons is
to round off the phonon side-band further.
Fig. 19 illustrates the cross-over from the low-T
to high-T regime under conditions of unequilibrated
phonons and within the perturbative limit of λω0 = 0.5Γ
and asymmetric bias. The phonon side-bands vanish for
T > λω0.
VI. CONCLUSIONS
A. Summary
In this paper we have studied a simple model of an
electron-phonon coupled quantum dot, involving a (pos-
sibly degenerate) electron level coupled to leads and
to phonons. The problem has four different important
“internal” parameters: a dimensionless electron-phonon
coupling λ (defined for example in Eq. 2), the ratio of the
phonon frequency ω0 to the broadening Γ of the on-site
level due to coupling to the leads, the ratio of the tem-
perature T to the level width Γ. (A fourth parameter,
the ratio of the rate γeq at which the phonons relax to the
heat bath characteristic of the device, to the mean elec-
tron current flow rate has only been studied in limiting
cases).
The model admits two important sub-cases: of
phonons coupled to the number of electrons on the
molecule (Eq. 2), and of phonons coupled to the dot-
lead hybridization (Eq. 4). Our formulation applies to
both cases, but we have focussed mostly on the for-
mer (McCarthy et al. have considered special features
of the latter case in the classical regime). In this pa-
per we have attempted to present a general framework,
within which different special cases can be analyzed as
desired. There are two important crossovers: the elec-
tronic quantal-classical crossover controlled by T/Γ, and
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FIG. 18: Quantal-classical crossover effects in differential
conductance spectra for equilibrated phonons. Upper panel:
temperature dependence of zero bias “resonance” peak com-
puted as described in text and compared to results obtained
from classical rate equations (section III, but U = 0). Lower
panel: temperature dependence of first phonon sideband,
computed as described in text and compared to results ob-
tained from classical rate equations. The rapid thermal
smearing of both central peak and phonon sideband is evi-
dent. Note that in the phonon side-band case, broadening
of the phonon level due to electron phonon coupling leads to
additional smearing not included in the rate equation model.
The parameters are ω0 = 100Γ, λ = 0.1 and T = 1, 5, 10Γ.
The bias conditions are µL = −µR. Rate equation calcula-
tion: λ = 0.1, T = 10Γ. Note: dI/dV is in units of e
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the phonon adiabatic/anti-adiabatic (phonon frequency
long or short relative to inverse electron dwell time on
molecule) crossover controlled by ω0/Γ. (The limit of
ω0 ≪ T is not interesting). In the classical limit (roughly,
T/Γ > 1) this program has been carried out completely
for all values of coupling λ by us and by other work-
ers. The relation between our results and those of other
workers is discussed in detail in subsection B below.
The model has two external “control” parameters; the
source-drain voltage difference Vsd = µL−µR (see Fig. 1)
and the molecule one-electron addition energy ǫ′ mea-
sured relative to the average of the source-drain voltage
(µL + µR)/2, and also referred to as the gate voltage. It
is well known that the conductance exhibits steps when-
ever one of the lead chemical potentials passes through
the level energy ǫ′. The important new consequence of
electron-phonon coupling is the appearance of steps such
as those shown in Fig. 3 in the IV characteristics, when
the source-drain voltage passes though an integer multi-
ple of the phonon frequency. The existence of the phonon
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FIG. 19: Quantal to classical crossover effects on IV curve
for unequilibrated phonons. The parameters are ω0 = 10Γ,
λ = 0.05 and the temperature for the classical calculation cor-
responds to T = 10.0Γ. The quantum calculation has been
performed for T = 0.1, 1, 10Γ. The results are for asymmetric
bias µR = 0.0, µL = Vsd when the perturbation approxima-
tion is valid. Note: I is in units of eΓ
~
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sidebands has been noted by several authors7,8. An im-
portant new result (Fig. 4) of our work is the system-
atic study of the dependence of the phonon heights on
whether the phonon distribution function is controlled
by the nonequilibrium current or is equilibrated to a heat
bath (Aji et al. presented similar information for the co-
tunneling regime). We have also studied (Figs. 5,6,15)
the non-equilibrium phonon distribution for different bias
voltages. A further new result of our work is the theory
for noise in the classical limit (section III C) showing that
noise is a powerful spectroscopy of the degree to which
the phonons are equilibrated (Fig. 8, 9), especially in the
weak coupling limit.
In the quantal limit (T < Γ), our treatment is re-
stricted to low orders of perturbation theory in the cou-
pling constant. Within this approximation we are able to
obtain results (Figs 14, 16, 18 for the I-V characteristics
including both the “direct tunneling” (µL > ǫ
′ > µR or
conversely) and “cotunneling” regimes (µL, µR > ǫ
′ or
conversely) and were able to treat the quantal to classi-
cal crossover (Figs 17, 18, 19). We presented both a di-
agrammatic (Keldysh) calculation and a solution based
on the construction of exact eigenstates, and confirmed
that the peculiar broadening of the phonon distribution
found in the “unequilibrated classical” case survives also
in the quantum limit.
B. Other work
In this section we consider the relation of our results
to the extensive existing theoretical literature. The sub-
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ject was pioneered by Glazman and Shekter7 who showed
that the problem of a single electron transiting a res-
onant level and coupled to phonons can be solved in
complete analytic detail. They determined the form
of the phonon side-bands in the transmission amplitude
and showed how the resonant behaviour was modified
by the electron-phonon interaction. Very similar results
were subsequently obtained by Wingreen, Jacobsen and
Wilkins8. However the single electron approximation
used in these papers is not applicable to the case of leads
containing a Fermi sea of electrons. The presence of other
electrons blocks some of the intermediate states in the
electron- phonon scattering process, changing the form
of the eigenstates and crucially blocks some of the final
states in the transmission process. This blocking ensures
that the T = 0 linear response conductance at resonance
takes the quantized value if 2e2/h, whereas the on reso-
nance transmission probabilities calculated in refs.7,8 are
less than unity. This issue was very recently also dis-
cussed by Flensberg15.
One crucial consequence of the presence of Fermi seas
in the leads is the “floating” of the phonon side-bands in
the electron spectral function and thus in the IV curve.
At Vsd = 0, the features in the spectral function occur
at energies displaced from the fermi-level by integer mul-
tiples of the phonon frequency, thus the corresponding
steps in the IV curve are observed when Vsd is swept,
but are not observed if Vg (i.e., the mean lead Fermi
level) is changed at fixed small Vsd (see Fig. 11). Sev-
eral authors9,10,14 employ approximations to the electron
Green’s function corresponding roughly to those of Glaz-
man and Shekhter or Wingreen and coworkers. These
miss the above physics and erroneously predicts phonon
side-bands as Vg is varied
9,10.
As also noted by Flensberg the approximations em-
ployed by refs.9,10 amount to writing the dot Green’s
function as GRd (t) = e
(iǫ0−Γ)t〈X†(t)X(0)〉 (where the op-
erators X have been defined in Eq. 31). This approx-
imation becomes exact in the high temperature limit,
and can be used as the starting point of an alternative
derivation of the rate equations. However some of the
literature14 who have used this approach have treated
the X-operator matrix elements in an approximate man-
ner which does not capture the structure giving rise to
the step height variations displayed in our Fig. 4.
Finally Gogolin and Komnik have used an adiabatic
(slow phonons, fast electrons) semiclassical approxima-
tion to explore the strongly electron-phonon coupled
regime. It is well known that at strong coupling the en-
ergy as a function of phonon coordinate become bistable,
signaling the onset of polaronic instability. Ref.13 con-
sidered the behaviour of the polaronic state under non-
equilibrium conditions, and observed that a bistable I-V
characteristic could result. By contrast our rate equa-
tion analysis always leads to single valued I-V curves.
The bistability corresponds to a first-order “energy land-
scape”; however the system under study is zero dimen-
sional, and (at least within the approach used here) ther-
mal and quantal fluctuations allow the system to explore
all of phase space wiping out any phase transition be-
haviour. The calculation of Gogolin and Komnik are
presented for a different regime (T ≪ Γ), but we sus-
pect that fluctuations would also eliminate the apparent
transition in that case. An enhanced low frequency noise
might however occur.
Four recent paper have appeared which present results
consistent with those presented here, but emphasizing
somewhat different aspects of the physics. Mc Carthy
et al.11 used the rate equation approach of our section
III, our results reproduce theirs; however the main inter-
est if ref 11 was in the IV curves of phonons coupled to
the dot-lead hybridization and the principal focus was on
thermally equilibrated phonons. Our result extend theirs
by treating the nonequilibrium case (see eg. Fig. 5) and
the noise (see eg. Fig. 9).
Fedorets and coworkers16 have analyzed the same
problem as McCarthy et al. but in the limit of very
weak coupling of phonons to a heat bath. They find
that an instability occurs for Vsd greater than a critical
value. Interestingly in the weak coupling limit the critical
Vsd reported is identical to the critical Vsd found in our
calculation above which the phonon distribution become
broad (see Fig. 5). According to the refs.16 the instabil-
ity occurs if one has both lead coupled and dot coupled
phonons, whereas the broad distribution is generic. How-
ever, this relation deserves further exploration. Here we
observe that the calculations of refs.16 (as well as those of
our Section III) are based on a sequential-tunneling ap-
proximation. In this approximation when the threshold is
exceeded the distribution we find changes rapidly (in the
weak electron-phonon coupling limit) from very narrow
to very broad. However if cotunneling processes (in par-
ticular the electron contribution to the phonon lifetime)
are included, the transition becomes broadened with the
onset moving to a lower voltage (see Fig. 15). We find
the breadth of the distribution to depend strongly on the
bias asymmetry , i.e., to the average occupation of the
dot.
Flensberg15 has used an approximate equation of mo-
tion approach to analyze the quantum limit, determin-
ing in particular the equilibrium dot spectral function
and presenting a clear analysis of the terms omitted in
previous approaches7,8. Where there is overlap our re-
sults are in agreement with his, however non-equilibrium
conditions have not been considered in this reference15.
Finally Aji, Moore and Varma 12 have considered
phonon effects on the cotunneling spectrum. Their re-
sults are in essential agreement with ours, however we
note that the steps in dI/dV which they report to be
vertical at T = 0 are in fact smoothed by the phonon life-
time arising from electron-phonon coupling (see Fig. 14)
or to coupling to a heat bath. Also we find that the
steps are thermally broadened into indetectability at a
relatively low T fixed by the step height and the phonon
lifetime induced slope, rather than generically visible up
to temperatures of order the phonon frequency, as stated
20
in the reference12.
As far as experiments are concerned, three recent pa-
pers 4,5,6 have observed signatures in the current-voltage
characteristics which are attributed to coupling to a
molecular vibrational mode. A direct comparison to our
results is not yet feasible because noise measurements
have not been performed, and most of the samples stud-
ied show one or at most two phonon sidebands. (Only
one of the samples of Ref.5 was reported to show more).
C. Future Directions
Finally we briefly mention a few issues raised by this
work, but not resolved. One important research area is
the extension of our quantum limit results beyond the
perturbative regime (in particular to the nonequilibrium
polaron limit), a second is to obtain the frequency de-
pendence of the noise spectra in the classical and quan-
tal regimes, a third issue is the crossover between equi-
librated and unequilibrated phonons, and a fourth issue
is to explore the connection between the nonequilibrium
distributions we find and the instabilities discussed by
the Chalmers group16. Another interesting question is
to explore the effect of image charges induced in the sur-
rounding electrodes on I-V 26 which have been argued
to be important in certain experiments6. Work in these
directions is in progress.
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APPENDIX A: ZERO TEMPERATURE PHONON
POLARIZATION
At zero temperature the function 1− 2f(x) = sgn(x),
and the integral Eq. 109 and 110 may be performed
explicitly. The corresponding expressions are
T1(µL, ω) =
1
2π(ω2+Γ2) ln
(µL−ǫ0)2+Γ24
(µL+ω−ǫ0)2+Γ24
(A1)
+ 12πω
(
2Γ
ω2+Γ2
)
arctan µL+ω−ǫ0Γ/2
− 2πΓω
(
Γ
2
2
+ω2
Γ2+ω2
)
arctan µL−ǫ0Γ/2
and
T2(µL, ω) = − 1π(ω2+Γ2)
(
arctan µL+ω−ǫ0Γ/2 + arctan
µL−ǫ0
Γ/2
)
+ 1πω
(
Γ/2
ω2+Γ2
)
ln
(µL−ǫ0)2+Γ24
(µL+ω−ǫ0)2+Γ24
(A2)
APPENDIX B: HIGH-T LIMIT OF PHONON
RATE EQUATIONS
In this section we shall show how for weak electron
phonon coupling and at high-T the quantum Boltzmann
equation for phonons (Eq. 124, 125, 126) reduces to the
classical rate equations derived in Section II. For T ≫ Γ,
we can replace the lorentzian broadenings in Eqn 125 and
126 by δ functions i.e. ( Γ/2x2+Γ2/4 → πδ(x)). Moreover
for weak electron-phonon couplings we may identify the
probability of single occupancy of the dot to be given by
its value in the absence of electron phonon coupling, i.e.
P 1 =
∑
a Γaf(ǫ0−µa)
Γ , so that
Rn→n+1 = (n+ 1)λ2 1
1+ Γ
2
4ω2
0
{P 1∑b Γb(1− f(ǫ0 − ω0 − µb))
+P 0
∑
b Γbf(ǫ0 + ω0 − µb)} (B1)
and
Rn→n−1 = nλ2 1
1+ Γ
2
4ω2
0
{P 1∑b Γb(1 − f(ǫ0 + ω0 − µb))
+P 0
∑
b Γbf(ǫ0 − ω0 − µb)} (B2)
Now the classical rate equations in Eq. 37 rewritten for
the case of a single resonant level with U = 0 take the
form,
P˙ 0n = −P 0n
∑
a,m
Ra,0,1n,m +
∑
a,m
P 1mR
a,1,0
m,n (B3)
P˙ 1n = −P 1n
∑
a,m
Ra,1,0n,m +
∑
a,m
P 0mR
a,0,1
m,n (B4)
where Ra,0,1n,m etc are defined in Eqns. 61 and 62 with
U = 0. In the weak electron-phonon coupling limit, only
transitions that change the phonon number at most by
1 are allowed. In this limit the Γan,n+1 → (n + 1)λ2Γa.
Moreover we may again factorize the joint probability
distribution of having 0/1 electrons and m phonons as
P 0,1m = P
0,1P phm , After making these approximations in
Eq. B3 and B4 and adding the two equations we obtain
P˙ phn = −P phn (Rn→n+1 +Rn→n−1) (B5)
+ P phn+1Rn+1→n + P
ph
n−1Rn−1→n
with the rates given by Eq. B1 and B2.
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